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Abstract
We derive a holographic prediction of the deconfinement temper-
ature Tc at vanishing chemical potential within a simplest AdS/QCD
model with dynamical dilaton. Our analysis leads to a linear relation
between T 4c and the gluon condensate. After normalizing this relation
to the lattice data for SU(3) pure gauge theory, the standard phe-
nomenological value of gluon condensate from QCD sum rules leads
to the prediction Tc = 156 MeV which is in a perfect agreement with
the modern lattice results and freeze-out temperature measured by
the ALICE Collaboration.
1 Introduction
Quantum Chromodynamics (QCD) predicts that at high temperatures and/or
hadron densities strongly interacting matter exhibits a transition which sepa-
rates the hadronic, confined phase and the quark-gluon plasma (QGP) phase.
The quantitative mapping of QCD phase diagram stays among the major
challenges of the physics of strong interaction. The ongoing heavy ion colli-
sion experiments at RHIC at Brookhaven National Laboratory, ALICE and
SPS at the Large Hadron Collider (LHC) are trying to quantify the proper-
ties of the deconfined phase of strongly interacting matter — the phase in
which our early universe existed. A special interesting region on the phase
portrait is situated near the onset of deconfinement transition at vanishing
or small baryon (or quark) chemical potential. The matter is that this re-
gion can be studied directly from QCD using lattice simulations and the
corresponding critical temperature Tc for deconfinement transition can be
calculated. The two leading lattice collaborations in this field reported the
values Tc = 156 ± 9 MeV [1] and Tc = 154 ± 9 MeV [2]. At physical quark
masses Tc represents in fact a pseudo-critical temperature of crossover region
between the hadron phase and QGP. From the experimental side, Tc is be-
lieved to be very close to the temperature of chemical freeze-out Tcf which is
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extracted from a thermal analysis of the data on relativistic nuclear collisions.
The recent precise measurement by ALICE Collaboration at LHC resulted
in the value Tcf = 156.5± 1.5 MeV [3]. Thus Tc from lattice simulations and
Tcf remarkably agree within errors.
From the theoretical viewpoint, however, the lattice calculations repre-
sent a kind of ”black box” whose results cannot be checked analytically. On
the other hand, the strict relation between Tc and Tcf is an open problem. It
is therefore highly desirable to have independent estimates for Tc from mod-
els which were successful in description of QCD phenomenology. A strong
point of these complementary approaches is that they can be able to relate Tc
to some important dimensional quantity from low-energy QCD phenomenol-
ogy. Looking from the opposite side, a correct prediction of the value of
deconfinement temperature represents an important test for any model of
this kind.
The deconfinement transition in QCD is a non-perturbative phenomenon
occurring at strong coupling. A promising modern theoretical tool for dealing
with strongly coupled gauge theories represents the idea of gauge/gravity
duality [4, 5]. The application of this idea to low-energy phenomenology
of QCD, started in Refs. [6, 7], turned out to be unexpectedly useful. The
constructed bottom-up holographic models link several successful approaches
— QCD sum rules, vector meson dominance, and chiral perturbation theory
— into one framework through the gauge/gravity duality.
The deconfinement transition is described in holographic models as a first
order Hawking-Page type phase transition [8] between two different grav-
itational backgrounds — the thermal Anti-de Sitter (AdS) space and the
Schwarzschild-AdS black hole [9]. This idea was used by Herzog in Ref. [10]
to calculate Tc within the framework of two simplest holographic QCDmodels
— the Hard Wall (HW) [6] and Soft Wall (SW) [7] model. The phenomeno-
logical value of Tc was reproduced with about 20% accuracy (Tc = 122 MeV
for HW and Tc = 191 MeV for SW model [10]). The given analysis trig-
gered a large activity in the field. Perhaps the main advantage of Herzog’s
calculation is its remarkable simplicity. On the other hand, this calculation
used rather crude approximations. First, the parameters of models were nor-
malized to the ρ-meson mass although the original actions did not contain
something related to real hadrons. A more consistent interpretation would
be to consider this analysis as a calculation of deconfinement temperature
in pure gluodynamics, let us denote it as T glc , since the thermodynamics was
assumed to be governed by the gravitational part of the action. Indeed, one
can show that if parameters of HW and generalized SW models are normal-
ized to the mass of lightest glueball from lattice simulations then the lattice
value T glc ≃ 260± 10 MeV [11–13] is reproduced in both approaches [14]. In
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addition, the deconfinement phase transition is of first order in the SU(N)
gluodynamics at N ≥ 3 and becoming increasingly abrupt with growing
N [15]. This means improving consistency: In the limit N → ∞, the phase
transition becomes of the same type as the Hawking–Page first order transi-
tion.
The second weak point is that both HW and SW holographic models are
not solutions of Einstein equations and this drawback is inherited in many
other holographic calculations of Tc followed by Ref. [10]. The reason lies in
a need to introduce a finite scale associated with the fifth direction in order
to describe the Hawking-Page transition for infinite boundary volume. The
corresponding scale (associated with the confinement scale) is inserted into
the HW model via a hard cut-off of holographic coordinate and into SW
model through a certain static dilaton background.
In this Letter, we propose a somewhat new scheme for holographic calcu-
lation of Tc. Our analysis retains a conceptual simplicity of Herzog’s calcu-
lation for the HW holographic model but is free from aforementioned crude
approximations and closer to phenomenological gluodynamics. The main
proposal consists in replacing the empty thermal AdS5 space with a hard
cut-off imposed on the holographic coordinate by the simplest gravity-dilaton
system in AdS5 whose analytical solution is known and where the cut-off
emerges dynamically. The dilaton in holographic description of QCD is usu-
ally associated with a field dual to the gluon condensate 〈G2〉 .= 〈TrG2µν〉
— an important phenomenological quantity parametrizing the mass gap in
gluodynamics that appears due to a dynamical violation of scale invariance
in massless QCD and measures the QCD vacuum energy density. We will get
a simple relation between Tc and 〈G2〉 and demonstrate its phenomenological
viability.
Physically the gluon condensate in our analysis will play the role of order
parameter for deconfinement. This is consistent with the lattice results [16]:
The renorminvariant vacuum average -〈βG2〉, where β = β(αs) denotes the
QCD β-function, is almost temperature-independent in the confined phase
and drops sharply near the critical temperature (strictly speaking, to negative
values signaling instability of original theory). In our 5D dual description,
this effect is simulated as the Hawking–Page first order phase transition from
a gravitational background where the thermal AdS5 space is distorted by the
dilaton to the AdS5 space distorted by a black hole.
In order to make our analysis self-contained, in Section 2 we remind the
reader the main steps of Herzog’s holographic calculation of deconfinement
temperature in the HW model. Our derivation of Tc is given in Section 3.
Section 4 contains some discussions and phenomenological fits. We conclude
in Section 5.
3
2 Deconfinement temperature in the HWmodel
By assumption, the pure gravitational part of 5D action of holographic dual
theory for a 4D SU(N) gauge theory has the form (the Euclidean signature
is used)
S = − 1
2κ2
∫
d5x
√
g
(
R +
12
L2
)
. (1)
Here g = det gMN , κ is the coefficient proportional to the 5D Newton con-
stant, R is the Ricci scalar and L represents the radius of AdS5 space defined
below. The gravitational coupling scales as κ ∼ 1/N .
The deconfinement in holographic models of QCD occurs as the Hawking–
Page phase transition between the following two gravitational backgrounds.
The first is the thermal AdS5 space with a line element
ds2 =
L2
z2
(
dτ 2 + d~x2 + dz2
)
, (2)
and the Euclidean time τ restrained to a finite interval 0 ≤ τ ≤ β. Here
z represents the holographic coordinate with physical meaning of inverse
energy scale. The second background is the AdS5 black hole
2 that describes
the deconfined phase,
ds2 =
L2
z2
(
f(z)dτ 2 + d~x2 +
dz2
f(z)
)
, (3)
where f(z) = 1− (z/zh)4 and zh denotes the horizon of the black hole. The
corresponding Hawking temperature is related to the horizon as T = 1/(πzh).
The both solutions lead to the curvature R = −20/L2. Dividing out by
the volume of ~x space one gets the free energy densities,
V1(ǫ) =
4L3
κ2
∫ β
0
dτ
∫ zm
ǫ
dz
z5
, (4)
V2(ǫ) =
4L3
κ2
∫ πzh
0
dτ
∫ min(zm,zh)
ǫ
dz
z5
, (5)
where zm represents the infrared cut-off of the HW model and an ultraviolet
cut-off z = ǫ is introduced to regulate the arising infinity. The two geometries
are compared at z = ǫ where the periodicity in the time direction is locally
2There are two different black holes in the AdS space — a ”small” one and a ”big”
one [17]. A contribution of small black hole to thermodynamics can be neglected [8]. One
can show that the small one disappears at all in the Poincare´ patch (2) of global AdS5
space and one automatically deals with the big black hole in (3).
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the same, i.e. β = πzh
√
f(ǫ). The order parameter for the phase transition
is
∆V = lim
ǫ→0
∆V (ǫ) = lim
ǫ→0
(V2(ǫ)− V1(ǫ)) . (6)
The thermal AdS space is stable when ∆V > 0, otherwise the black hole is
stable. The condition ∆V = 0 defines the critical temperature Tc at which
the transition between the two phases happens. It is easy to see that ∆V > 0
if zm < zh. But if zm > zh one has
κ2
L3πzh
∆V (ǫ) =
(
1
ǫ4
− 1
z2h
)
−
(
1
ǫ4
− 1
z2m
− 1
2z2h
)
. (7)
Thus the phase transition takes place at z4m = 2z
4
h corresponding to a tem-
perature [10]
Tc =
21/4
πzm
. (8)
The numerical values depend on a choice of infrared cut-off zm which is
usually taken from the hadron phenomenology and is of the order of 1/ΛQCD.
3 Deconfinement temperature in a solvable
gravity-dilaton system
The simplest extension of action (1) to a gravity-dilaton system consists in
adding a dilaton kinetic term,
Sd = − 1
2κ2
∫
d5x
√
g
(
R +
12
L2
− 1
2
∂Mφ∂
Mφ
)
. (9)
We assume that this action is dual to pure gluodynamics. The backreaction
of dilaton to the AdS5 metric will describe holographically the dynamical
violation of scale invariance in gluodynamics leading to emergence of positive
gluon condensate.
Let us analyze the Hawking–Page phase transition between the gravita-
tional background following from (9) and AdS5 black hole. First of all we
need the solution of Einstein equations for metric and dilaton profile. The
corresponding solution was found in Refs. [18, 19], after continuation to Eu-
clidean signature it takes the form
ds2 =
L2
z2
(√
1− c2z8 ηµνdxµdxν + dz2
)
, (10)
φ =
√
3
2
log
1 + cz4
1− cz4 + φ0, (11)
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where c and φ0 are some constants. The behavior near the boundary z → 0,
φ =
√
6cz4 + φ0, shows that according to AdS/CFT prescriptions [20] the
constant c is proportional to the gluon condensate3 〈G2〉. The proportionality
factor can be found from matching the leading term in the OPE of the gluon
operator G2µν to the corresponding holographic calculation, the result in the
large-N limit is [19]
〈G2〉 = 8
√
3N
π
c. (12)
The singularity at
z0 = 1/c
1/4, (13)
provides a natural infrared cut-off for the holographic coordinate which emerges
dynamically.
Now we apply Herzog’s analysis outlined in the previous Section to the
Hawking-Page phase transition between the AdS black hole geometry (3) and
the thermal AdS dilaton-gravity geometry (10) with the dilaton profile (11).
The two geometries are compared at z = ǫ where the periodicity in the time
direction is locally the same, i.e. β = πzh
√
f(ǫ)/(1 − c2ǫ8)1/4. In the limit
ǫ→ 0, the correction from ǫ8 will not contribute, hence, the comparison will
be at β = πzh
√
f(ǫ) as before.
The calculation of Ricci scalar for the geometry (10) yields
R = −20
L2
+
48c2z8
L2(1− c2z8)2 . (14)
It is convenient to divide the contributions to free energy V1 into three parts,
V1 = V
(c)
1 +∆VR +∆Vφ, (15)
where V
(c)
1 stems from the first term in (14), ∆VR goes from the second one
in (14), and ∆Vφ arises from the dilaton (11). Using
√
g = L5(1 − c2z8)/z5
from the geometry (10), we get
∆VR(ǫ) = −24L
3c2
κ2
∫ β
0
dτ
∫ z0
ǫ
z3dz
1− c2z8 , (16)
On the other hand, the solution (10), (11) gives ∂Mφ∂
Mφ = gzz(∂zφ)
2 =
96c2z4/ (L2(1− c2z8)2), that leads to
∆Vφ(ǫ) =
24L3c2
κ2
∫ β
0
dτ
∫ z0
ǫ
z3dz
1− c2z8 . (17)
3We recall that the 5D mass of a scalar field φ dual to some 4D gauge theory operator
O having the canonical dimension ∆ is m25L2 = ∆(∆− 4). The asymptotics of φ at z → 0
becomes φ = c1z
4−∆+ c2z
∆, where up to renormalization constants c1 corresponds to the
source of O and c2 becomes proportional to v.e.v. 〈O〉 [20].
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Comparing (16) and (17) we see that the last two contributions in (15) cancel
each other. This important cancellation removes otherwise emerging loga-
rithmic divergence at ǫ = 0.
The comparison of two geometries is thus reduced to comparison of free
energies V2 and V1 = V
(c)
1 which is identical to the case of previous Section
with the obvious replacement zm → z0 = 1/c1/4 in the relation (8),
Tc =
(2c)1/4
π
. (18)
Inserting the renormalization factor (12) we obtain our final result,
T 4c =
√
3 〈αs
π
G2〉
12π2Nαs
, (19)
where instead of scale-dependent gluon condensate 〈G2〉 we expressed Tc via
an approximately renorminvariant quantity 〈αs
π
G2〉 (proportional to the one-
loop approximation to -〈βG2µν〉) which is usually extracted in QCD sum rules
and lattice simulations. This entails the appearance of additional parameter
αs which is not known a priori since the energy scale is not fixed.
4 Discussions and phenomenological fits
An important technical point in our derivation was the cancellation of the
last two contributions in (15). One can show that if in our analysis the
gravity-dilaton system is replaced by AdS5 space with static dilaton back-
ground of standard SW holographic model [7], i.e. by action proportional
to
∫
d5x
√
g e−cz
2
(R + 12/L2), then the given cancellation does not happen.
In the original Herzog’s calculation of Tc in the SW model [10], this problem
was avoided by ad hoc considering black hole in the same background e−cz
2
although such a gravitational solution is not known. This is another one
troublesome point of analysis [10].
A qualitative correctness of relation (19) can be motivated by a dimen-
sional analysis: If the vacuum average 〈βG2〉 provides the only dimensional
and renorminvariant scale in a theory then any dimensional and renormin-
variant quantity in this theory can be expressed as an appropriate power of
〈βG2〉. Thus we should have T 4c ∼ 〈βG2〉 by dimensionality. We believe that
such a natural relation should appear in any ”natural” model describing the
deconfinement transition in a non-abelian gauge theory. In this sense, the
standard derivation of Tc within the HW and SW holographic models (and
in their numerous successors) does not look ”natural”. In the HW model,
7
the infrared cut-off is not directly related to the gluon condensate since non-
perturbative corrections to the leading logarithm in two-point correlators
decrease exponentially. The required power-like corrections appear in the
SW model and this allows to relate the dimensional parameter of SW-like
models to the gluon condensate. But because of aforementioned artificial
trick needed to cancel the ultraviolet divergence in the difference of free en-
ergies, the resulting relation between Tc and gluon condensate takes a form of
transcendental integral equation [10] which can be solved only numerically.
In order to make a phenomenological prediction from the relation (19)
we will use the following procedure. The critical temperature Tc in the l.h.s.
refers implicitly to pure gluodynamics, i.e. it is T glc in the notation of Sec-
tion 1. Let us take the values of T glc and gluon condensate 〈αsπ G2〉 in pure
SU(3) gluodynamics from lattice simulations and fix thereby αs for N = 3.
To get an estimate for Tc in the real word with physical quarks we will substi-
tute the value of 〈αs
π
G2〉 from QCD sum rules. This can be partly justified in
the large-N limit we are dealing with in holography: The quark effects are of
the order of O(N) while the gluon ones are of the order of O(N2), hence, the
inclusion of quarks in the fundamental representation should give O(1/N)
corrections to (19) which are beyond the validity of holographic approach.
We note in passing that on general grounds one expects a decreasing
of gluon condensate in presence of quarks in comparison with pure Yang-
Mills theory [21]. A similar decreasing was observed in lattice calculation for
Tc. As far as we know, earlier these two effects have not been related in a
manifest way. The obtained relation (19) expresses and explains the given
proportionality.
The most quoted relevant lattice results for SU(3) Yang-Mills theory we
found are: T glc = 264 MeV [11] and 〈αsπ G2〉 = 0.1 GeV4 [22]. With these
inputs we obtain from (19) the value αs = 0.1. This value of QCD coupling
roughly corresponds to a scale of Z-boson mass [23], where the perturbation
theory in QCD becomes robust. This might be an interesting prediction on
its own.
A widely accepted phenomenological estimation of the gluon condensate
in QCD sum rules yields a smaller value 〈αs
π
G2〉 = 0.012 GeV4 [21]. Sub-
stituting this estimation to the relation (19), we obtain Tc = 156 MeV in
remarkable agreement with the lattice and experimental values mentioned in
Section 1.
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5 Conclusions
We proposed a new holographic calculation of deconfinement temperature
at vanishing chemical potential. Our calculation is free from some inter-
nal inconsistencies inherent in many calculations of this sort starting from
Herzog’s analysis [10]. In our scheme, the phase transition from the hadron
phase to quark-gluon plasma is associated with a sharp disappearance of pos-
itive definite gluon condensate in accord with lattice simulations. Motivated
by the AdS/CFT correspondence, as a holographic image of pure gluody-
namics we considered an exactly solvable gravity-dilaton system in which
gravity in AdS5 space (by assumption, dual to a strongly coupled 4D con-
formal gauge theory) is backreacted by a free massless dilaton field which is
dual via AdS/CFT prescriptions to source of gluon condensate. The solu-
tion of corresponding Einstein equations is known to lead to a singularity at
some value of holographic coordinate that is associated with dynamical cut-
off describing holographically the violation of scale invariance in QCD. From
the analysis of Hawking-Page phase transition between this gravity-dilaton
system and black hole in AdS5 (which is dual to deconfined phase in gauge
theory) we got a relation between the deconfinement temperature Tc and
gluon condensate. After fixing a free parameter (gauge coupling αs) from
lattice data on Tc and gluon condensate in SU(3) pure Yang-Mills theory,
the derived relation (19) yields Tc = 156 MeV for the accepted value of gluon
condensate in QCD sum rules. The obtained estimation of deconfinement
temperature agrees perfectly with the modern lattice data 156 ± 9 MeV [1]
and freeze-out temperature Tcf = 156.5 ± 1.5 MeV measured by ALICE
Collaboration at LHC [3].
The proposed calculation of deconfinement temperature can be applied in
more contrived dynamical gravity-dilaton holographic models (which include
a dilaton potential and/or other scalar fields) but most likely at the cost of
a loss of exact analytical relations. Also the effects of chemical potentials
(normal, chiral and isospin) can be considered.
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